Abstract. We prove that t-spread principal Borel ideals are sequentially CohenMacaulay and study their powers. We show that these ideals possess the strong persistence property and compute their limit depth.
Introduction
In this paper, we study t-spread prinipal Borel ideals. They have been recently introduced in [2] . Let K be a field and S = K[x 1 , . . . , x n ] the polynomial ring in n variables over K. Let t ≥ 0 be an integer. A monomial
For example, every monomial in S is 0-spread and every squarefree monomial is 1-spread.
We recall from [2] that a monomial ideal I ⊂ S with the minimal system of monomial generators G(I) is called t-spread strongly stable if it satisfies the following condition: for all u ∈ G(I) and j ∈ supp(u), if i < j and x i (u/x j ) is t-spread, then x i (u/x j ) ∈ I. A monomial ideal I ⊂ S is called t-spread principal Borel if there exists a monomial u ∈ G(I) such that I = B t (u) where B t (u) denotes the smallest t-spread strongly stable ideal which contains u. For example, for an integer d ≥ 2, if u = x n−(d−1)t · · · x n−t x n , then B t (u) is minimally generated by all the t-spread monomials of degree d in S. In this case, we call B t (u) the t-spread Veronese ideal generated in degree d and denote it I n,d,t .
Throughout this paper we consider t-spread monomial ideals with t ≥ 1. In particular, they are squarefree monomial ideals. As it was observed in [2] , if u = x i 1 · · · x i d is a t-spread monomial in S then a monomial x j 1 · · · x j d ∈ G(B t (u)) if and only if the following two conditions hold:
In [2, Theorem 1.4] it was shown that every t-spread strongly stable ideal has linear quotients with respect to the pure lexicographic order in S. In addition, in [2, Corollary 2.5] it was shown that a t-spread strongly stable ideal generated in a single degree is Cohen-Macaulay if and only if it is a t-spread Veronese ideal. In 1 , . . . , x n ] be a t-spread monomial. Suppose that i d = n and I = B t (u). For a monomial u ∈ I, we denote supp(u) = {j ∈ [n] : x j | u}. Let ∆ be the simplicial complex such that I ∆ = I. We denote I ∨ the Stanley-Reisner ideal of the Alexander dual of ∆.
Theorem 1.1. Let t ≥ 1 be an integer and I
∨ is generated by the monomials of the following forms
Proof. Let ∆ be the simplicial complex whose Stanley-Reisner ideal is I and let F (∆) be the set of the facets of ∆. We prove that every facet of ∆ is of one of the following forms:
Since I = B t (u) has the primary decomposition
where P [n]\F is the prime ideal generated by all variables x j with j ∈ [n] \ F , by [4, Corollary 1.5.5], the statement holds.
Since v is the product of d distinct variables and 
We claim that F i ∪ {j} / ∈ ∆ for every j ∈ [n] \ F i and i ∈ {1, 3}. This will prove that every set of the form (i) or (iii) is a facet of ∆.
Let j ∈ [n] \ F 1 . We consider the following cases:
It remains to show that the sets of the forms (i)-(iii) are the only facets of ∆. This is equivalent to showing that for every face G ∈ ∆, there exists F ∈ F (∆) of one of the forms (i)-(iii) which contains G.
Let G ∈ ∆ and j 1 = min{j : j ∈ G}. Inductively, for l ≥ 2, we set
In the case that j l ≤ i l for all l, then the sequence
If there exists l ≤ d such that j l > i l , then we denote by s the smallest index with this property. In the case that s = 1, (1), ordered decreasingly with respect to the pure lexicographic order.
We show that I ∨ has linear quotients with respect to the above order of its minimal generators. This is equivalent to proving the following claim: for every 1 < j ≤ r and g < j, there exists w > lex w j and (4)
Since w 2 is the largest generator of the form (3) with respect to the pure lexicographic order, we have x 1 x 2 · · · x i 1 −1 | w 2 . Thus, we obtain x i 1 = w 1 / gcd(w 1 , w 2 ) and claim (4) is proved for g = 1 < j = 2.
. With similar arguments, one proves claim (4) for q + 1 ≤ j ≤ r.
where we ordered the generators as indicated in the proof of the above theorem.
The Rees algebra of t-spread Borel principal ideals
In this section we consider the Rees algebra of t-spread Borel principal ideals. For two monomials v, w ∈ S of degree d, we write vw
This means that if we write 
is a Gröbner basis of the toric ideal J u = ker ψ with respect to the sorting order on T . For more details about sorting order we refer to [8, Chapter 14] Let I ⊂ S be a monomial ideal generated in a single degree and K[{t u : u ∈ G(I)}] the polynomial ring in |G(I)| variables endowed with a monomial order < . Let P be the kernel of the K-algebra homomorphism
K[{t u : u ∈ G(I)}] → K[G(I)], t u → u, u ∈ G(I).
A monomial t u 1 · · · t u N is called standard with respect to < if it does not belong to in < (P ).
Definition 2.1. [5]
The monomial ideal I ⊂ S satisfies the ℓ-exchange property with respect to < if the following condition holds: let t u 1 · · · t u N , t v 1 · · · t v N be two standard monomials with respect to < of the same degree N satisfying (i) deg
Then there exists integers δ, j with q < j ≤ n and j ∈ supp(u δ ) such that x q u δ /x j ∈ I.
Proposition 2.2. Let u = x i 1 · · · x i d be a t-spread monomial in S. Then the tspread principal Borel ideal B t (u) satisfies the ℓ-exchange property with respect to the sorting order
T be two standard monomials with respect to < sort of the same degree N such that the two conditions of Definition 2.1 are fulfilled. As the chosen monomials are standard with respect to < sort , it follows that the products
If j µ ∈ supp(v δ ), we may choose any j ∈ supp(u δ )\supp(v δ ) with j > q. We should note that such an integer j exists since deg(u δ ) = deg(v δ ) and deg xq (u 
The Rees ring R(I) where I = B t (u) has the presentation
given by Proof. By Theorem 2.3, it follows that every binomial in the reduced Gröbner basis of the toric ideal J has the degree in variables x i at most 1 which means that B t (u) satisfies the x-condition. Then, by [4, Theorem 10.1.9], all the powers of B t (u) have linear quotients. Theorem 2.3 shows that the Rees algebra R(B t (u)) has a quadratic Gröbner basis and the initial ideal of the toric ideal J is squarefree. Therefore, we get the following consequences. Proof. Since the initial ideal of the toric ideal J of R(B t (u)) is squarefree, by a theorem due to Sturmfels [8] , it follows that K[B t (u)] is a normal domain. Next, by a theorem of Hochster [7] , it follows that K[B t (u)] is Cohen-Macaulay. The second part follows by using [6, Corollary 1.6].
Theorem 2.3. Let I = B t (u) be a t-spread principal Borel ideal. The reduced Gröbner basis of the toric ideal J with respect to < consists of the set of binomials
t v t w − t v ′ t w ′ where (v, w) is unsorted and (v ′ , w ′ ) = sort(v, w),
Depth of powers of t-spread principal Borel ideals
In this section, we consider the asymptotic behavior of the depth for t-spread principal Borel ideals.
Let u = x i 1 · · · x i d be the generator of the t-spread principal Borel ideal I = B t (u) ⊂ S = K[x 1 , . . . , x n ] . We would like to compute the limit of depth(S/I k ) when k → ∞. Obviously, we may consider i d = n since otherwise we may reduce to the study of depth
Theorem 3.1. Let t ≥ 1 be an integer and
Proof. We first observe that the second claim of the theorem follows since it is known that, for any non-zero graded ideal I, lim k→∞ depth(S/I k ) = n − ℓ(I) if the Rees algebra R(I) is Cohen-Macaulay; see [4, Proposition 10.3.2] . But the Rees algebra of B t (u) is indeed Cohen-Macaulay by Corollary 2.6.
In order to prove the first claim, by Auslander-Buchsbaum theorem, we have to show that 
w is generated by n − 1 variables. Let
. . , x n−1 ) then the proof of equality (5) is completed.
where we set i 0 = 1. We consider the monomial and let
we have x j w ∈ J, which implies that x j ∈ J : w.
The analytic spread ℓ(I) of a graded ideal I ⊂ S is the Krull dimension of the fiber ring R(I)/mR(I) where m = (x 1 , . . . , x n ). In our case, I = B t (u) is generated in the same degree d. Thus the fiber ring is actually K[G(B t (u))]. Therefore, we get the following consequence. 
Corollary 3.2. Let t ≥ 1 be an integer and B t (u) ⊂ S the t-spread principal Borel ideal generated by
Then f is a binomial in the toric ideal of K[B 2 (u)] whose initial monomial with respect to the lexicographic order is t u 1 t u 2 t u 3 . One can easily see that there is no quadratic monomial in the initial ideal of the toric ideal which divides t u 1 t u 2 t u 3 . This shows that, with respect to the lexicographic order, the reduced Gröbner basis of the toric ideal of K[B 2 (u)] is not quadratic. 
contradiction. Therefore, the maximal number of variables which generate the colon ideals of I k for k ≥ d is n − d, which implies that proj dim
